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Let II 3 8 be an integer and let A be a set of real numbers containing 
at least n + 2 elements. A linearly independent sequence ( yO, . . . . y,) of 
real valued functions defined on A is called a weak Tchebycheff system 
(WT-system), provided that for any z0 < ti < ... <t, in A, det[yiffj); 
i, j=O , .~., n] 3 0 (cf., e.g., Karlin and Studden [I 1). If ( yO, . . . . yi> is a 
system for i = 0, . . . . n, we say that ( y,, . . . . y, > is a weak Markov system, or 
a complete WT-system. In [3], Stockenberg proved the following 
THEOREM. Let Y := { yO, . . . . y,) be a WT-system on A. Then there exists 
a weak Markov system {z,,, . . . . z,} spanning the same space as Y. 
A shorter proof of this theorem is due to Schumaker (cf. [2, 
Theorem 2.411). However, both proofs are based on a theorem of Zielke 
that characterizes WT-systems in terms of strong alternations (see, e.g., ES, 
pp. 12-141). The purpose of the present paper is to present a short an 
simple proof of Stockenberg’s theorem that only uses the above definition 
of a WT-system. The method of proof is adapted from [4]. We shall use 
the following notation: 
:=det[y,(tj); i, j=O, ..~, n]. 
Proqf of the Theorem. We may assume n > 0. Since Y is linearly indc- 
pendent, there are points q0 < q1 < . . . < qn in A such that D := 1 $:::::;I r 0. 
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then 1 ~:::::~;j = det(M) 1 Q,,:,‘J. Thus, since 1 ;;::::::I = 1, we deduce that 
det(M) = l/D > 0, and therefore that { vo, . . . . v,} is a WT-system on A that 
spans the same space as Y. Let u,:=(-l)“u,+(-l)“-iv,+ ... +u,, 
and let B denote the subset of points of [qn, co) n A for with u,(t) > 0. 
Note that u,(q,) = u,(q,) = 1, and therefore that B is not empty. Moreover, 
{uo, . . . . D,- i, u,> is a WT-system that spans the same space as Y. Let 
b := sup(B), and let (b,} be an increasing sequence of points of B that 
converges to b. In particular, if b E B we set b, = b. Note that u,(b,) > 0. 
Setting c,(m) := ui(b,)/u,(b,) and ui(t, m) := v,(t) - c,(m) u,(t), i= 0, . . . . 
n - 1, we deduce that 
ui(b,, ml = 0, i = 0, . . . . n - 1. (1) 
It follows from their definition that the functions (- l)‘-i ui are non- 
negative on [qn, co ) n A, and therefore that (- l)‘-i ci >O. Since 
C;=. ( -l)n-ici(m)= 1, this implies that the coefficients c,(m) are 
bounded between - 1 and 1. Thus there is a sequence {mk) and numbers 
co, . . . . c,- I such that lim,, m ci(mk) = ci, i = 0, . . . . n - 1. Let 
uj := vj - ciu,, i = 0, . . . . n - 1. (2) 
Since (no, . . . . un} spans the same space as Y on A, we conclude that the 
functions { uo, . . . . u,_ I } are linearly independent here. 
Let t0 < t, < ... < t,- r be points in ( - co, b) n A. For m sufficiently 
large we have b, > t, _ 1 ) and from (1) we deduce that 
uo( .7 ml, . . . . kl(., ml, u, uo( ., m), . . . . u,- 1( ., ml 
to, . . . . t, - 1 > bm I I 
= un@,) to, . ..) t,-, ’ 
and therefore 
uo(., m), . . . . u,- 1( ., m) , o 
’ . to, . ..) t,-, 
Thus, since u,(t) = lim, ~ co u,(t, mk), i = 0, .,., y1- 1, it is clear that 
(3) 
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oreover, from the definition of (b,} and (1) we conclude that if b E 
then 
q(b) = 0, i = 0, . . . . PI. (41 
On the other hand, if b EA -B then u,(b) = 0 and therefore, since 
(- I),-’ ui(b) > 0, we conclude that vi(b) = 0, i = 0, . . . . n - 1, and applying 
(2) we deduce that (4) is valid in this case as well. Thus, we have shown 
that (3)isvalidforanychoiceofpointst,< ... <t,-, in(-co,b]nA.If 
(b, CD) n A = @ we are done. Otherwise note that, since u, vanishes to the 
right of b, all the functions vi must vanish there. Hence, (2) implies that 
ui = 0 cm (b, 00) n A for i = 0, ~.., n - 1. We have therefore shown that 
h 0, .~.> II, _ 1 } is a WT-system on A. Repeating the above procedure 
(zQ,, ~.., u, _ 1 > and so on, the conclusion follows. 
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